Abstract. This paper consider the estimation of the optimal missile guidance which the objective is to minimize the interception time and the energy expenditure. The proposed Extended Kalman Filter-Unknown Input-Without Direct Feedthrough (EKF-UI-WDF) approach is to estimate the optimal missile guidance and the target acceleration as unknown input to the missile-target interception model. Unknown input is any type of signals without prior information from a given state model or a measurement. The computational for the EKF-UI-WDF method and optimal missile guidance show the closest range to the missile-target is smaller than using the EKF. However the Mean Squared Error (MSE) of estimating the optimal missile guidance using EKF method is smaller than using EKF-UI-WDF method.
Introduction
The objective of optimal control problem is to obtain a controller (input signal) subject to dynamic systems and satisfy some constraints by minimizing or maximizing an objective function [6] . In most practical scenarios, there is a need to construct the estimates of state variables which are not available by a direct measurement, especially when they are used in the applications such as the implementation of state feedback controllers.
Extended Kalman Filter (EKF) can be applied to estimate a nonlinear dynamic model [10] . EKF method is based on linearizing the nonlinear model and the measurement equations with the first order Taylor series expansion. Generally, nonlinear filtering (e.g. EKF method) assume that all inputs are measurable and are not able to jointly estimate unknown inputs and the states [3] . In some cases to get a better estimation it is necessary to estimate the unknown inputs which can be any type of signals without prior information from a given state model. The method which developed from EKF method approach is called Extended Kalman Filter-Unknown Input-Without Direct Feedthrough (EKF-UI-WDF). This method can simultaneously estimates the states and unknown input for nonlinear stochastic discrete-time systems without direct feedthrough from unknown inputs to outputs. A recursive analytical approach of EKF-UI-WDF is derived with the weighted least squares estimation for an extended state vector including the states and unknown inputs.
In the previous research, Augmented Proportional Navigation (APN) guidance law to the missile-target interception model has been estimated with the EKF-UI-WDF approach and target acceleration is unknown input in EKF-UI-WDF approach. EKF-UI-WDF approach is more effective than the EKF method for estimate the missile-target interception control system [7] . The optimal missile guidance which the objective function is to minimize the interception time and the control energy expenditure and based on the design concept of decreasing the acceleration requirement commanded in the final phase of engagement is more effective than APN guidance law with N = 3 [9] . We estimate the optimal missile guidance with EKF-UI-WDF method and target acceleration is unknown input. For this discussion, the missile-target interception model is explained
Missile-Target Interception Model
The 2D missile-target engagement model can be expressed by the following equations [5] 
and Table 1 shows the variables and parameters of the 2D missile-target engagement model. 
Estimation :
Error Covariance :
where :
The following discrete nonlinear state and observation equations can be obtained : Table 2 shows EKF-UI-WDF algorithm which has four parts to estimate Z k and u * k−1 at t = k ∆t which are denoted asẐ k|k andû * k−1|k ; respectively. If unknown inputs are known then EKF-UI-WDF approach becomes EKF method.
Optimal Control Solution
Optimal control system of the missile-target interception model based on the design concept of decreasing the acceleration requirement commanded in the final phase of engagement. It is assumed that a perfect knowledge (information) of the target motion is available to the missile (i.e. V T and a T are known). The objective function is to minimize the interception time and the control energy expenditure, which can be written as follow
The first term in J is a measure of the interception time, the second term is the required acceleration command, ρ is the weighting factor reflecting the relative importance of the commanded acceleration with respect to the interception time.
In general, for short ranges where the time is paramount, the value of ρ has to be zero, for long ranges where the control energy should be saved so a larger ρ can be chosen. The solution is derived analytically from the time-varying linear state equations which composed the line-of-sight (LOS) angle and line-of-sight rate. By differentiating Eq. (1), we obtain the time-varying linear differential equation as
. Defining the states λ = x 1 andλ = x 2 , then the equations can be defineḋ
The terminal condition is achieved by
and the initial value of states :
Here is the procedure to solve the optimal control problem :
i. Define the Hamiltonian equation :
iii. Using the results a M from (ii) into (i), we obtain the optimal H * = 1 +
The boundary condition is the initial and final conditions, and it is called the transversality condition [8] . Generally, the boundary conditions for this system are
where ψ is an unknown constant. And we obtain
Defining f (t) = e ∫ t f t Adt , we then have
Thus, Eq. (5) becomeṡ
Equation (7) is a nonhomegenous differential equation and this solution viewed from the homogen solution and the particular [1] , we obtain the following solution
v. Substitute the solutions x * , ν * from (iv) into the expression for the optimal control a M from (ii) and substitute the variable from 0 to t. We obtain
Eq. (8) shows that the weighting factor ρ is not affect explicitly to the controller obtained.
For guidance implementation, the values of the time to go (t go ) in Eq. (8) is approximate from the following equation
We simplify Eq. (8) 
Eq. (10) is the augmented proportional navigation law with a unitless gain is equal to 3. Therefore, the augmented proportional navigation law is the simplified version of the optimal guidance which we obtain in Eq. (8). After we get the optimal guidance for the missile then we estimate the variables of the control equation in Eq. (8).
The EKF-UI-WDF Design
To compute the control in Eq. (8), the estimates of R,Ṙ, λ,λ, θ M , θ T and a T should be obtained by using an appropriate nonlinear filter. For this purpose, the dynamic model in Eqs. (1)-(4) will be transformed into a state space model whose state and unknown inputs include R,Ṙ, λ,λ, θ M , θ T and a T . Taking the derivatives ofṘ andλ in Eqs (2) and (1), and denoting the states as well as the known and unknown input as
and u * = a T , respectively. We then have the state space model with model noise used to design of the nonlinear filter aṡ
(13)
The variations of V M and V T areV M = 0.8 andV T = 0.4. Substituting (dx/dt) t=k∆t = (x k − x k−1 /∆t) [2] into Eqs. (11)-(16) where x k = x (k ∆t) and ∆t is the sampling time interval. We can obtain discrete nonlinear state equation as follows
where
T and w k−1 is the model noise vector (Gaussian white noise,
The measurements for the process model refers to IRS (Inertial Reference System) of the missile are R,Ṙ, λ,λ, θ M and θ T , and given by the following equations
T and v k is the measurement noise vector (Gaussian white noise, v k ∼ N (0, R k )) and the matrix H = I 6×6 .
The estimates of unknown input (u * k−1 ) and state vectors (x k ) at t = k ∆t which are denoted asû * k−1|k andx k|k , respectively. Since the equation (17) are nonlinear, a first order approximation [4] for the systems dynamic matrix is obtained on Table 2 , thus G k−1|k−1 are given as follows
Substituting t f from Eq. (9) to Eq. (8), we obtain the input for discrete nonlinear filtering as follows
6. The EKF Design
For comparison, the EKF approach is used in the missile guidance unlike the proposed EKF-UI-WDF approach, because EKF method can not estimate the joint of states and unknown input. The target acceleration a T estimated with EKF method has to be treated as a state with assumed dynamics. Thus, the state equations for the design of EKF can be obtained by adding an extra state equation for the a T to Eqs. (11)-(16) as follow :
in which x 7 = a T and w T is a Gaussian white noise and replacing u * by x 7 in Eqs. (11)-(16).
Computational Result
This section presents five simulations to show the performances of the EKF-UI-WDF and the EKF for the implementation of optimal missile guidance. The total time for the simulation run was 2.5 s and a time step of ∆t = 0.05 s was used. } . The covariance matrix for the measurement noise is chosen the same for EKF-UI-WDF design. 9, 27.10
EKF-UI-WDF Design
It can be observed from Figures 1-2 that the optimal controller obtained in Eq. (10) with the EKF-UI-WDF method has better interception performance than the one with the EKF method (the closest missile-target ranges R closest = 3.338 m at t = 2.5 s and R closest = 10.36 m at t = 2.5 s for EKF-UI-WDF and EKF, 9, 24.10
1, 13 respectively). The MSE of estimating target acceleration (unknown input in EKF-UI-WDF design) with EKF method is smaller than with EKF-UI-WDF method, because of the value Kalman gain for unknown input in EKF-UI-WDF method. Tables 2-6 show the computational results. The solution of the optimal missile guidance is derived analytically from timevarying linear state equations which composed of the line-of-sight angle and rate. The augmented proportional navigation law is the simplified version of the resulting optimal missile guidance which a unitless gain is 3. The computational results of the EKF-UI-WDF method to estimate the optimal missile guidance shows that the range to the missile-target is smaller than using the EKF. However the MSE (Mean Squared Error) for the optimal missile guidance estimation using EKF method is smaller than using EKF-UI-WDF method.
